An asymptotical von-Neumann measurement strategy for solid-state qubits 
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A measurement on a macroscopic quantum system does in general not lead to a projection of the 
wavefunction in the basis of the detector as predicted by von-Neumann's postulate. Hence, it is a 
question of fundametal interest, how the preferred basis onto which the state is projected is selected 
out of the macroscopic Hilbert space of the system. Detector-dominated von-Neumann measure- 
ments are also desirable for both quantum computation and verification of quantum mechanics on 
a macroscopic scale. The connection of these questions to the predictions of the spin-boson modelis 
outlined. I propose a measurement strategy, which uses the entanglement of the qubit with a weakly 
damped harmonic oscillator. It is shown, that the degree of entanglement controls the degree of 
renormalization of the qubit and identify, that this is equivalent to the degree to which the mea- 
surement is detector-dominated. This measurement very rapidly decoheres the initial state, but the 
thermalization is slow. The implementation in Josephson quantum bits is described and it is shown 
that this strategy also has practical advantages for the experimental implementation. 



The field of quantum computation^ has been exper- 
imentally pioneered in quantum optics, atomic physics 
and nuclear magnetic resonance (NMR). In these 
quantum-mechanical systems with few degrees of free- 
dom and strong quantum coherence, the measurement 
devices ("meters") are well described and can be clas- 
sified into two types: In atomic physics, e.g., "strong" 
measurements can be performed, which satisfy von Neu- 
mann's measurement postulate^, i.e. the state of the sys- 
tem is projected onto the eigenstate of the meter corre- 
sponding to the measurement result. In NMR, on the 
other hand, the meter couples weakly to each individual 
spin and decoheres it only weakly. In order to still ob- 
tain enough signal and information, the measurement is 
performed on an ensemble of qubits. 

These qubits cannot be easily integrated to large-scale 
circuits. Thus, solid-state qubits, which can be litho- 
graphically manufactured, are a promising alternative. 
Solid state systems consist of many degrees of freedom, 
hence quantum coherence can so far only be maintained 
over very short times'^''*. It was proposed that super- 
conducting Josephson circuits in the charge^'^ or flux'''^ 
regime could act as solid state qubits with appreciable 
coherence times. In these cases, the measurement ap- 
paratus is permanently close to the qubit, although the 
interaction may effectively be switched ofi^'*. The mea- 
surement process in this system can be described within 
the spin-boson^' or related models'^'^'^'"'^^. 

From a density-matrix description, we can obtain de- 
tailed (although incomplete) information about the dy- 
namics of the measurement: After a dephasing time r^, 
the density matrix is brought into an incoherent mix- 
ture and after the relaxation time Tj- it thermalizes and 
the information about the initial state is lost^. In order 
to render t-^ long enough, usually^"^ the meter is only 
weakly coupled to the qubit. This makes it necessary to 
ensemble- average by repeating the measurement. Theo- 
retical research^'^^'^^ shows, that an optimization of these 



weak measurements allows for single-shot measurements 
without averaging, by waiting longer that the dephasing 
time. These are optimized weak measurements or qubit 
dominated measurements: They completely decohere the 
state of the qubit, however, the final state is not an eigen- 
state of the measured observable, but of the qubit. Qubit 
and apparatus do not get strongly entangled. It has 
also been shown theoretically^, that detector-dominated 
strong measurements of superconducting qubits are pos- 
sible, on the expense of tr, being very short, which sets a 
strong experimental challenge. It is a fundamental ques- 
tion, under which conditions a measurement performed 
on a potentially macroscopic object follows the postulates 
of quantum mechanics and how, in general, the preferred 
observable basis is selected out of the large Hilbert space 
of the system and the detector^'^. This question should 
be addressed using specific models which describe actual 
detectors. Moreover, there are practical issues: i) The 
theoretical signal to noise ratio of a weak measurement 
is limited to 4^^ ii) Efficient quantum algorithms like er- 
ror correction^'* or the test of Bell-type inequalities^^ rely 
on strong measurements. 

In this paper, I am going to connect the abstract no- 
tions of quantum measurement theory to the concepts of 
the spin-boson model, in particular the issue of entangle- 
ment will be connected to scaling of the tunnel matrix 
element. I will outline a method how to perform genuine 
detector dominated measurements in this context. 

For definiteness, it is assumed that the variable of 
the quantum bit which is measured is described by the 
pseudospin-operator . When the measurement appara- 
tus is coupled to the qubit, the same term experiences a 
fiuctuating force, which is assumed to be Gaussian and be 
modeled by a bath of harmonic oscillators. Consequently, 
we end up with the spin-boson Hamiltonian^'^^. After in- 
tegrating out high frequencies, its pseudospin part reads 
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where the off-diagonal term Acfr is in general rescaled due 
to the environment as compared to the original splitting 
A of an isolated qubit. The spin-boson model generally 
predicts^^ the dynamics described in the previous sec- 
tion. In particular, after the dephasing time, the density 
matrix onto a mixture of eigenstates of Hen- Usually, in 
the weak coupling regime^, Aoff is close to the bare A 
of the qubit and consequently the eigenstates of Hes are 
far from being eigenstates of a^- Consequently, the state 
of the qubit will not be procjected onto the measured 
variable, i.e. the measurement is qubit-dominated. A 
detector-dominated measurement would be realized for 
Aeft — 0^^, i.e. when Hcs = (e/2)(fz and hence com- 
mutes with the coupling to the meter. A number of 
schemes allow to directly suppress A using an external 
control parameter^'^'^^. In what follows, I want to de- 
scribe, using a generic model, how this is accomplished 
by the measurement apparatus itself, in agreement with 
the usual understanding of quantum measurements. 

Consider a qubit coupled to a single (big) harmonic 
oscillator, which experiences linear friction, which is in 
turn described quantum-mechanically through a bath of 
oscillators. The Hamiltonian of this system reads 
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where the dispacement q characterizes the coupling of 
the qubit to the big oscillator. The oscillator bath is 
characterized through an ohmic spectral density J{u)) = 

2 

S 2m^L- ^^i) = MTlj^ where, F is the friction coeffi- 
cient of the damped big oscillator. It was shown^^, that 
this system is equivalent to the spin-boson model, with 
an effective spectral density 



(3) 



where a = 2Mq^T /h is a dimensionless dissipation coef- 
ficient, which here is assumed to be small, a <C 1. From 
now on, we want to concentrate on the case e, A <S il. 

At r = 0, the low-energy Hilbert space is is spanned by 
|±)eff = \±)\L/R) where |±) are the basis states of the 
qubit, 1 ±) = ±|±) and \L/R) are coherent states of 
the harmonic oscillator centered around X = ig, see 
Fig. 1, left. So in a general low-energy state jV') = 



a|+)eff + &|-)eff, 



|6| = 1 qubit and oscillator are 



entangled^° and the oscillator states are pointers onto the 
qubit states^^. In this low-energy basis, the Hamiltonian 
acquires the form eq. (1), with Aeft = A(L|_R) = Ae"'' 
with T] = Amq-^/h. Under an appropriate choice of pa- 
rameters, we can achieve r] > 1 and Aeff <s; A. This 
choice corresponds to the condition of almost (mean- 
ing here and henceforth "up to an error of 0(e^'')") 
orthogonal states in the environment, which has been 



identified as the condition for an ideal von-Neumann- 

measurement"'^'^'^"'^ . 

For finite F, this system can be analyzed using adi- 
abatic renormalization^^^^. One finds^'' Aoff, damp (ct) = 
Ae"T^(A/ri)T^ . Thus, finite dissipation < a < 1 
scales A down even slightly further. 




FIG. 1. left: Visualization of tlic ground state |0) and the 
coherent pointer-states \L) and \R) of the oscillator in the 
potential V{x); right: Relaxation rates as a function of the 
coupling q/w for different energy biases, w is the width of the 
ground state wavefunction of the pointer, w = \/hjMVL 

The coherence properties of our system can at 
e. A, r ^ 51 be stiidied using a systematic weak damping 
approximation^'^' of the spin-boson model. The relaxation 
and dephasing rates, F^/^ = r^,"^^ are given by 



r, = Tra^coth f ^) r^ = i£+27ra/cB— r/?i (4) 



where i^ofr = \/ ^eff + • case, if 77 > 1, Aoff is ex- 

ponentially reduced compared to A, transitions between 
the basis states are suppressed leaving relaxation very 
slow, i.e. the state becomes almost localized or "frozen" , 
see fig. 1, right. The second contribution to F^ in eq. 
(4) reflects dephasing processes which do not change the 
qubit energy and are consequently not frozen. 

The use of a weak damping approximation for Fr ^ is 
appropriate, although J{lu) can be large at the peak and 
in fact the down-scaling of Agg is essentially a nonper- 
turbative effect. However, decoherence is mostly prob- 
ing the Jcff(ti') aroimd lu = v^s where the weak 
damping condition holds. This is supported by two ob- 
servations: i) if we project the full Hamiltonian onto its 
low-energy Hilbert space spanned by |±)efT, we find an 
effective ohmic model leading to eq. 4. ii) a full nonper- 
turbative calculation^'^ based on the noninteracting blip 
approximation (NIBA)^ reproduces both the scaling and 
Fr within the known^^ limitations of NIBA. 

The measurement can now be performed as follows: 
As a first step, q is adiabatically ramped from g = to a 
finite go where 77 > 1 and A — > Aefr <^ A. The adiabatic 
theorem predicts, that the state of the system evolves as 
(a|+) +/?!-)) ® |0) ^ (a°ff|-f)|L) where 
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r^^J [-sm(^) cos(^) ) 1/3 
and tan^^**'^^ = €/A^'^^\ The condition for adiabaticity 
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is dq/dt ^ i'^g/2gMr2Aeff, i.e. for small q, the ramping 
can be very fast. 

When rj > 1, the matrix clement is scaled down and 
the state is "pre-measured" by entanglement with well- 
separated pointer states L and B}^. Only now, we start 
the measurement, by coupling the oscillator to the meter 
and decohering the state is projected onto the eigenstates 
of ffeff, which are close to the ones of a^. We can then 
read off the position of the big oscillator serving as a 
pointer and switch off the meter (or q) again way before 
Tr without destroying information by relaxation. 

In practice, it will usually not be possible to switch the 
coupling between oscillator and meter separately. Thus, 
before the entanglement is established, the relaxation 
rate eq. 4 does not profit from the reduction of Aeff, 
see fig. 1, right. In order not to lose the information 
to be measured, the maximum relaxation rate, Fr^max 
reached &t r} = 1/2 (i.e. q = qc = \/U/2Mfl) should 
be slow enough, such that by the time Tent it takes to 
ramp above qc, the information is not lost. In practice, 
this can be achieved by switching q very fast, at a time 
Tent ^ I^rmax' ^o and slowcr afterwards, when the 
actual measiiremcnt occurs. 

In the ohmic spin-boson model^'^^, i.e. for Jeff = 
27raa;e~'^/'^'= , a scaling of Aefi to zero can be achieved 
through a dissipative phase transition at strong coupling 
to the bath {a > l)^'!'''^^'^^^ This transition is driven 
by the entanglement with a collective state involving the 
whole oscillator bath. Ramping a to large values in- 
creases Jeff(w) at all frequencies, which leads to rapid 
relaxation before the scaling is established. Moreover, it 
is not known, how long it will take for the system to 
go through this phase transition. Here, according to the 
adiabatic theorem, this time is set through the inverse 
level spacing of the coupled system, which is infinite for 
the dense Ohmic spectrum. On the contrary, the model 
studied in the present paper provides strong scaling of 
AciT with predictably slow relaxation and gives a clear 
prediction for the time scale of the entanglement set by 
the finite level spacing. 

This model does not generally predict the efficiency of 
the detection In order to do so, I chose a specific realiza- 
tion of the model, a superconducting quantum bit^'^. In 
this case, the read-out device is a Josephson-j unction, 
whose critical ciirrcnt Jo is influenced by the state 
of the qubit, either a superconducting single-electron 
transistor^ or a DC-SQUID^, see Fig.2. We study the 
junction on the superconducting branch at low bias cur- 
rent Ib- Wc assume the tunable junction to be shunted 
only by a very large resistor R and an external capaci- 
tance Cx and consequently underdampcd. This system 
has been studied in the weak damping regime in Ref.^^ 
and resembles the one experimentally used in^. The os- 
cillator in our model represents the plasm a resonance^^ 
of the tunable junction at fl = ^/2ehJh^^{l-Il/ I^f/^. 
We can identify M = Cy,{h/2ef, X = (j) (the Joscphson 



in critical current induced by the two fundamental states 
of the qubit. The damping is provided by the resistor 
and leads to a = hq^/2e'^R = • 11.8kCl/R, and the 
scaling exponent reads r] = ^fC^lJil^^ . 
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where 6Ic/Ic is the difference 



Flux-qubit charge-qubit 

FIG. 2. Underdampcd read-out devices for superconduct- 
ing flux (left) and charge (right) quantum bits . 

When ramping Jb, the junction switches to a fi- 
nite voltage at < lo^ which provides a measure 
for Iq. This switching is a stochastic process, so if 
the measurement is repeated, one finds a histogram 
of switching currents^*'^^ centered around /sw.Oj whose 
width (5/sw limits the resolution of this detector. In 
our case, the switching is predominantly due to ther- 
mal activation, where we can express /sw,o/-fo = 1 — 
(log(a;T/Fs)/uo)'/' and 5///,, = (w^ log(^r/Fs))-i/3 
through the dimensionless height of the barrier at zero 
bias Wo = (4-\/2/3)(?i/c/2eA:T), the activation frequency 
wt = 2CI/t: and the ramp rate F^ = d{q / qi-as_y^) / d.t . The 
current can be switched within a time = fi^^, i.e. 
the ramp rate is limited by Fg max = ^■ 

In a fiux qubit, one can realize^ Ic = shunt with 
Cx = IQQpF and R — lOfc^i and gmax = 0.05 at a typical 
switching current level. We will assume Aq = 1 GHz and 
e = 1 GHz for the qubit. These parameters are accessible 
by doubling the size of the sample studied in 4. This leads 
to = 2GHz, a = 0.003 and r/max = 3.5, i.e. AoS = 
0.03Ao. Entanglement sets in at qc = 0.015, where the 
relaxation time is Tr,min = TjTjjjj^,^ = 5^s. For 1% error, 
the first switch over this point has to be done 700ns, 
which is way above Fg^max = 500ps and the adiabatic 
condition qdq/dt < (500ns )~^ . Close to the measuring 
point /sw.O: we find Tr = 120/is and = 100ns, which 
leaves a huge measurement window. 

For definiteness, we set the temperature to T = 
200mK, we find, using Fg = (15/us)~^, that Igv/fl/Io = 
0.96, and 5I/Io = 0.35%, so, because q = 5%, we have a 
signal/noise ratio of about 14. Hence, a single-shot von- 
Neumann-measurement appears to be feasible within a 
gradual improvement of technology. 

For the readout for a charge qubit^ by a superconduct- 
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ing singlc-clcctron-transistor (S-SET),one can achieve 
values of g = 0.5. within a charging energy -Ec.set = SiiT, 
corresponding to a capacitance scale of C = IfF. We 
take the critical current of the SET to be /c = lOnA 
and a shunt of i? = lOkfl and Cx = IpF shunt capac- 
itance. This leads to 77 = 3.5, = 2 GHz and damp- 
ing a = 0.25. Assuming A = 1 GHz and e = 1 GHz, 
we find TR^min = 60ns, so for 1% error we have to go 
switch to Qc in about 10ns, which is close to the limit 
of Ts^max = 500ps. howevcr, may pose some challenge 
for the limiting time scales which are not due to the on- 
chip circuitry. For the read-out step, we find tr = 25/is 
and — 15ns. Applying the histogram theory as above 
at T = 200mK and Fs = (3/xs)~^, we end up with 
Isw,o/Io = 40% and SIsw/Ic = 8%, which can resolve our 
large signal of g = 30% at signal/noise of 4. It has been 
shown^*^'^"^, that experimentally SETs can reach signal- 
to-noise figures comparable to the quantum limit, hence 
even though the resolution is slightly less favorable then 
above, von-Neumann-mcasurcmcnts appear to be possi- 
ble. For qubits^^ operating in the regime oi Ej/Ec — 1, 
more favorable parameters should be accessible. 

The read-out of the detector by switching is only one, 
and not necessarily the optimum alternative. Measure- 
ments could also be performed by detecting the kinetic 
inductance using the same parameters. 

A similar circuit, a normal conducting SET withoui 
the shunt capacitor has been thoroughly studied in Refs. 
5, 7. In that case, the measurement is started by rapidly 
switching the gate and monitoring the current. It has 
been shown, that in this way weak as well as strong mea- 
surements can be performed. As a consequence of the 
direct coupling of a dense spectrum of normal electrons 
to the qubit, the entanglement and the dccohcrcncc are 
not as strongly separated as in our case. Typical^ mix- 
ing times during the whole measurement are of the order 
of 1/zs, i.e. one has to be able to monitor the current 
through the SET on the scale of 100ns. In our case, one 
has to make the first entanglement switch on a similar 
scale, but has to be monitor the voltage only afterwards, 
when mixing times are on the scale of lO/iS. These num- 
bers clearly indicate an advantage of the entanglement 
with the intermediate oscillator. 

I have proposed a strategy for performing detector- 
dominated von-Neumann measurements on qubits, using 
entanglement with coherent states of an harmonic oscil- 
lator. This system has been quantitatively analyzed us- 
ing the spin-boson model and it has been shown, that it 
has very favorable coherence and relaxation properties. 
A connection between the familiar scaling of the tun- 
nel matrix element and the degree of entanglement with 
the environment has been established. Realistic super- 
conducting circuitry, which could perform such measure- 
ments within present-day technology, has been proposed. 
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